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Abstract: We prove that the inequalities siiij,^g(Y^) > •\/sinp.g(r) sinj,^g(s) 
and smhp^q{\/r*s*) < ^sinhp_g(r*) sinhp^g(s*) hold for aU p,q £ (l,oo), r,s € 
(0,/p and r*,s* G {Oj^{l + t'i)~^/Pdt), where sinp,, and sinhp,, 

are the generalized trigonometric and hyperbolic sine functions, respectively. As 
a consequence of the results, we prove a conjecture due to Bhayo and Vuorinen 
[J. Approx. Theory, 164(2012)]. 
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1. Introduction 

It is well known from basic calculus that 

— = / dx 
2 Jo VT^ 

and 



arcsin(x) = / dt, < a; < 1. 

Jo - - 



Since the function arcsin(a;) is a differentiable function on [0, 1] and t 1/ \/l — 
is strictly increasing on [0, 1), we can define sin on [0,7r/2] as the inverse func- 
tion of arcsin. By standard extension procedures we can define the sin function 
on (— oo, oo). 

For p, g > 1, let 



Fp,g{x) = / (i-i«)~i/fdt, [0,1], 

Jo 
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^= fii-f^r^'pdt. 

2 Jo 

Then Fp ^ : [0,1] — > [0,7rp^q/2] is an increasing homeomorphism, denoted by 
arcsinp^g. Thus its inverse 

sinp.q = i^p (j 

is defined on the interval [0, 7rp,g/2]. By the similar extension as the sine func- 
tion, we can get a differcntiablc function siup^g defined on M. We call siup^g the 
generalized (p, g)-trigonomctric sine function. 

We also defined arccoSp,q(x) = arcsinp,q((l — a;^)^/') (See [2, 7]), and the 
inverse of generalized (p, g)-hyperbolic sine function 



arcsinhp,,(a;) = / {\ + f^y^'^dt, xe(0,oo). 
Jo 

Their inverse functions are 

siup,, : (0, 7rp_,/2) (0, 1), coSp^, : (0, 7rp_,/2) (0, 1), 

sinhp,, : (0,m;^^) ^ (0,oo), m;^^ = / {1 + tty^^Pdt. 



Whenp = q, the [p, (7)-functions siup^^, cosp^g, sinhp^g, arcsiup^g, arccoSp^g and 
arcsinhp^g reduce to p-functions siup, coSp, sinhp. arcsiup. arccoSp and arcsinhp 
(See [5, 8, 10]), respectively. In particular, when p = q ^ 2, the (p, (7)-functions 
become our familiar trigonometric and hyperbolic functions. 

Recently, the generalized trigonometric and hyperbolic functions {{p,q)- 
functions and p-functions) have been found many important applications in 
differential equations, the theory of operator, approximation theory and other 
related fields [4, 9, 11]. 

In face of the importance of generalized trigonometric and hyperbolic func- 
tions they have been studied by many authors from different points of view 
[1, 3-8, 10, 12]. Edmimds, Gurka and Lang [7] gave the basic properties of 
generalized (p, (7)-trigonomctric functions, and proved that 

,o N 2sin4/3_4(x)(cOS4/3,4(x))l/3 



(l-K4(sin4/34(a;))4(cos4/3,4(^))^/^)i/2' 

Klen, Vuorinen and Zhang [8] generalized some classical inequalities for trigono- 
metric and hyperbolic functions, such as Mitrinovic-Adamovic inequality and 
Lazarevic's inequality. 

Bhayo and Vuorinen [2] found that the functions arcsiup^g and arcsinhp^g 
can be expressed in terms of Gaussian hypergeometric functions. Applying the 
vast available information about the hypergeometric functions, some remark- 
able properties and inequalities for generalized trigonometric and hyperbolic 
functions are obtained. Moreover, they raised the following conjecture. 

Conjecture 1.1. li p,q £ (1, oo) and r,s £ (0, 1), then 
sinp,q(v^) > y^sinp,g(r) sinp,5(s). 
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smhp^g{y/rs) < y sinhp^g(r) sinhp,q(s). 

The main purpose of this paper is to give a positive answer to the Conjecture 
1.1 and generahzed the inequalities in Conjecture 1.1. Our main resuh is the 
following Theorem 1.1. 

Theorem 1.1. lip,qG (l,oo), then 

(1) Inequality 

smp^q{y/rs) > ^smp^g{r) sinp^g(s) (1.1) 

holds for all r, s e (0, TTp^q/2). 

(2) Inequality 

sinhp^q{Vr*s*) < y^sinhp,5(r*) sinhp,q(s*) (1.2) 
holds for aU r*,s* e (0, m*^). 



2. Proof of Theorem 1.1 

In order to prove Theorem 1.1 and Conjecture 1.1, we present three Lemmas 
at first. 

Lemma 2.1. If g e (l,oo), then inequality 

arcsmp,,(2:) > — — 2.1 

[q- p)x'i +p 

holds for X e (0, 1). 
Proof. Let 

C(a;) = arcsinp,,(a;) - ^ ~ f j , '\ x £ (0, 1). (2.2) 
[q - p)xi + p 

Then simple computations lead to 

C(0) - 0, (2.3) 



1 _ p^ + p{2q -2p- q^)xi + (g - p)^x^i 

^ (1 - xiy/p (1 - xiy/p{p - pxi + qxiy 

> (2.4) 



(1 - xiy/pip-pxi + qxiy 

for X e (0, 1). 

Therefore, Lemma 2.1 follows easily from (2.2)-(2.4). 
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Lemma 2.2. If p,q E (1, oo), then inequality 



X {p~q)xi +p 

> , ^„M-i/„ (2-5) 



arcsinhp,g(x) p{l + xiy-'^/P 

holds for X S (0, oo). 

Proof. We divide the proof into two cases. 
Case 1 p > q. Let 

px{l + x'^y~^^p 

r]{x) = arcsinhp.„(x) — — , x S (0, oo), (2.6) 

[p - q)xi +p 

then simple computations lead to 

77(0) = 0, (2.7) 
1 _ + p{2p -~2q + g^)xg + (g - p^x^'i 

^ ~{i + xiy/p {I + xiy/p{p - qxi + pxiy 

< (2.8) 



pq^x'i 



(1 + x9)i/p(p_ +?3a:;'?)2 
for X S (0, oo). 

Therefore, inequality (2.5) follows easily from (2.6)-(2.8) and p > q. 

Case 2 p < q. Let xq = [p/ {q - p)y^'' , then {p~q)x'i +p > for x e (0,xo) 
and (p — q)x'^ + p < for a; S (xq, oo). Thus it is sufficient to prove inequality 
(2.5) for X G (0, .To), which easily follows from the proof of Case 1. 

oo 

Lemma 2.3. If p, <? > 1, then m* ^ = /(I + fi)-^/Pdt > 1. 



Proof. From the basic properties of generalized integrals we clearly see that 



if p > 5 and m* ^ < +oo if p < q. Since 



(1 + t(9-2p)/p)P > I ^ ^9-2p > 1 + ^9 

for t e (0, 1), we get 

r°° 1 /"^ 1 /■°° 1 

'T^^n= / TTi-dt ~ I -n-dt + / TTi-dt 

7o (l+t«)i/f io (l + i^)!/" ii (l + <9)i/p 

+ / -T^d< = / TT^dt > 1. 



{i + tiy/p ^ Jo {i + f^y/p Jo (i + t«)i/p 



Proof of Theorem 1.1. For part (1), without loss of generality, we assume 
that < a; < y < 1- Define 

J(-x,.)= "^;(fp^(--^)); ,,,M, (2.9) 
arcsmp^(j(a;) arcsmp_g(?/) 
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where 

, i/p* 



Hp, (a, 



p* = 



is the Holder mean of order p* g R of two positive numbers a and h. 

Let t = 7?p,(a;,y), then 9t/aa; = {x/tf^~^ /2. li x < y, then t > a;. By 
logarithmic differentiation, we get 



1 dJ 
J{x, y) dx 

Let 



arcsinp ,(t)(l - tiy/p arcsinp q(x)(l - xiy/v 

'(2.10) 

3;1-Pi 

^^-)- aresin,,(.)(l-..)V. - ^ ^ («' (^.11) 



then logarithmic differentiation yields 

F'ix) , ,1 1 gx'-i 



F(a;) X arcsinp_g(a;)(l — a;'J)i/P p{\ — xi) 

= i(G(x) + l-pi), (2.12) 
a; 



where 



Note that 



G{x) 



qx'i 



p(l — x*?) arcsinp_q(x)(l — a;'?)^/P 



lim G{x) = -1, hm G[x) = +oo. (2.13) 

X— >0 a;— >1 

It follows from Lemma 2.1 and (2.13) that the range of G{x) is (— l,oo). 
Thus from (2.12) we conclude that F'{x) > for a; € (0, 1) if and only if pi < 0. 
Namely, F{x) is strictly increasing on (0, 1) if and only if pi < 0. Moreover, if 
Pi > 0, then F{x) is not monotone. 

Next, we divide the proof into two cases. 

Case A pi < 0. Then from equation (2.10) and the monotonicity of F{x) 
we clearly see that dJ/dx > 0. Hence J{x,y) < J{y,y) = 1. Then by (2.9) we 
get 



arcsiup^g (i/pj (a;,?/)) < -y/arcsinp_q(a;) arcsinp,5(y) (2-14) 

for pi < 0, with equality if and only if a; = y. 

Case B pi > 0. Then using the similar argument in Case A, we conclude 
that there exists Xi,X2,yi,y2 € (0, 1) such that 



arcsinp_5(i/p^(a;i,?/i)) < -i /arcsinp^g(xi) arcsinp^g(yi), 



arcsinp_g(_H'pj(a;2,j/2)) > -v/arcsinp,g(a;2) arcsinp_g(y2)- 
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Finally, taking x = sinp^g(r) and y = sinp.(j(s) in inequality (2.14), we have 

smp^q{^/rs) > Hp^{smp^q{r),smp^q{s)) (2.15) 

for all r, s G (0, 7rp.g/2) if and only if pi < 0. In particular, inequality (1.1) 
follows from (2.15) with pi ~ 0. 

For part (2), without loss of generality, we assume that < a; < y < oo. 
Define 

J*/ arcsmhp,g{Hp^{x,y)f p^(z^ (2 16) 

' arcsinlip.q(a;)arcsinhp.(j(y) ' 

Let t = Hp.^{x,y), then dt/dx = {x/tf^~^ /2. U x < y, then t > x. By 
logarithmic differentiation, we get 



J*{x,y) dx 



rl T* 



arcsinhp g(i)(l + t^y/P arcsinhp ,(a;)(l + xI^/p 

(2.17) 

Let 

arcsmp_g(a;)(l + x'^j'-'P 
then logarithmic differentiation leads to 

F*'(x) , A 1 qx^'^ 

= (1 -P2) 



F*{x) ^ 'x arcsinhp,,(x)(l + x?)!/? p(l + a;?) 

= -(1-P2-G*(.t)), (2.19) 

x 



where 



G*(x) 



qxi 



rcsinhp,q(a;)(l + x'3)i/p p(l + xi) ' 



Note that 



limG*(2;) = l. (2.20) 

It follows from Lemma 2.2 that G*[x) > 1 for x G (0,oo). Then we have 
inf G*{x) = 1. Hence equation (2.19) leads to the conclusion that F*'{x) < 

a:G(0,oo) 

for X G (0, oo) if and only if p2 > 0. Namely, F*{x) is strictly decreasing on 
{0,oo) if and only if p2 > 0. Hence if > 0, then dJ*/dx < by (2.17), and 
J*{x,y) > J*{y,y) = 1. Then from (2.16) we have 



arcsinhp.g(iJp2 (x, y)) > y arcsinhp_q(a;) arcsinp_q(y) (2-21) 

for P2 > 0, with equality if and only if x = y. 

Taking x = sinhp_g(r*) and y = sinhp^g(s*) in inequality (2.21), we get 



sinhp,g(V^) < iJp,(sinhp,,(r*),sinhp,g(s*)) (2.22) 
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for all r*,s* S (0,mp_g) ii p2 > 0. In particular, inequality (1.2) follows from 
(2.22) with p2=0. 

Remark 2.1. Conjecture 1.1 follows easily from TTp^q/2 > 1 and Lemma 2.3 
together with Theorem 1.1. 
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